We investigate standing waves that develop in the space between a microwave transmitter and receiver. Experimental results support a theoretical model of multiple reflections of spherical waves, leading to the standing waves. This experiment, though straightforward, is richly endowed with mathematical challenges and surprises. For example, the distance between adjacent antinodes is only approximately constant for a standing wave.
I. INTRODUCTION
The macroscopic wavelength of microwaves is ideal for experiments in physical optics. Instructional experiments with microwaves include Bragg diffraction, 1-5 evanescent waves, 6 and three-dimensional standing waves. 7 Perhaps, the simplest configuration is to point a transmitter directly at a receiver, which is the basis for the work here. The PASCO manual 5 instructs students to determine wavelength by varying the distance between transmitter and receiver until ten minima are observed. We have found such an experiment is more instructive if students record intensity as a function of position between the two and compare the measurements with theoretical calculations.
We begin by supposing that the transmitter emits a section of a spherical wave of wavelength k. The electric field along the line between the transmitter and the receiver is
where A is a constant, x is the distance from the transmitter, k ¼ 2p/k is the wave number, x is the angular frequency, and t is time. The first reflected wave off the receiver is
where r is the reflection coefficient and L is the distance between the transmitter and receiver (the total distance traveled by this reflected wave is 2L À x, as shown in Fig. 1 ).
We must consider whether r should be positive or negative, in other words, whether the wave undergoes a phase change upon reflection. In the case of a plane wave reflecting off a flat metal surface, there is a phase change. However, in our experiment, a spherical wave reflects off a truncated pyramidal surface. In our simple model, we assume that the extremely complicated superposition of reflected wavelets is effectively a spherical wave, along the x-direction. However, the effective phase change is not obvious, and we allow r to be positive or negative when fitting our experimental data. We find that fits obtained with positive r were significantly better overall than fits obtained with negative r. This empirical evidence suggests, surprisingly, that there is effectively no phase change upon reflection.
By considering additional reflections, we can write the total electric field as an infinite sum of multiply reflected waves:
where we have assumed the same reflection coefficient at both the transmitter and receiver. This equation can be simplified for x ¼ L, the position of the receiver, to give
which presents an excellent opportunity for students to apply their knowledge of infinite series. Defining z ¼ re ikL , the series can be summed to give
Thus, Eq. (4) becomes
and the (measureable) intensity is then
Equation (7), though exact, does not provide much conceptual insight into the dependence of I on L. For this reason, students benefit by considering a truncated series as well as an infinite series. Returning to Eq. (3) and retaining terms through second order in r, we obtain FIG. 1. A schematic diagram of the experimental apparatus. A wave that has travelled a distance x from the transmitter will interfere with a wave that has travelled a distance L, then reflected, and then travelled an additional distance L À x. Additional reflections are not shown but contribute to the total electric field at position x.
The first-order term predicts that if x is varied while keeping L constant, local maxima in I occur whenever the difference between x and L is approximately an integer multiple of k/2. This is simply the condition for constructive interference between the emitted wave (E 1 ) and the first wave reflected off the receiver (E 2 ): to reach position x, the reflected wave has
, so the path length difference between E 2 and
Constructive interference thus occurs when 2(L À x) is an integer multiple of k, assuming no phase change upon reflection.
One of the second-order terms contains cos(2kL), which is maximized whenever 2L is an integer multiple of k. To understand this, we must consider the waves emitted by the transmitter and the first waves reflecting back off the transmitter (what we would call E 3 ). The path length difference is 2L, and constructive interference occurs when 2L is an integer multiple of k.
Higher-order terms account for the interference of waves that have undergone a greater number of reflections. For example, the third-order terms are 2r 3 cos ½kð4L À 2xÞ= ½xð4L À xÞ and 2r 3 cos ð2kxÞ=ð4L 2 À x 2 Þ. The former accounts for the interference between the emitted wave and a wave that has reflected three times and the latter accounts for the interference between a wave that has reflected once and one that has reflected twice.
Further insight is gained by examining the second-order approximation for the intensity at the receiver (for
This expression retains the second-order sinusoidal term that is periodic in L with a period of k/2. Using the first-derivative test, students can confirm that local maxima in intensity do not occur at precisely L ¼ nk/2, where n is an integer. Simple numerical experiments reveal that maxima occur at L slightly smaller than nk/2. This is easily explained by the factor of 1/L 2 , which causes I to decrease before cos(2kL) reaches its peak. This effect, however, is less pronounced in the exact expression for I(L) given by Eq. (7). Using k ¼ 2.85 cm and r ¼ 0.40 in Eq. (7), we find that local maxima occur at L smaller than nk/2 by up to 2.4%. This discrepancy decreases as L increases, falling below 1% at L ¼ 88 cm.
The exact expression for I(L) is compared with the second-order approximation in Fig. 2 . Error in the approximation is on the order of r 3 ¼ 6.4%. In spite of this error, the approximation provides insight that is obscured in the exact expression. As we have seen, the approximation reveals that maxima occur when L is slightly smaller than nk/2, as L ¼ nk/2 is the condition for construction interference between waves emitted by the transmitter and waves reflecting back off the transmitter.
II. EXPERIMENT
For the experiment, we use a PASCO microwave transmitter and receiver from the Basic Microwave Optics System (WA-9314B). The receiver contains an analog meter and an analog output. In use, we observe the arrow on the meter to oscillate about an average position, making measurements difficult. We therefore connect the analog output to a National Instruments DAQ device (USB-6009) and collect the data in LabVIEW. To obtain the average intensity at a particular position, we record intensity measurements 100 times per second for 10 s.
To measure intensity at the position of the receiver, we simply record the output of the receiver. However, to measure intensity at another position, we place a PASCO microwave probe at the desired position. By design, the probe is to be wired to another receiver, which is kept out of range of the microwave beam so as not to introduce any additional reflections. This second receiver's output indicates the microwave intensity at the position of the probe.
To test Eq. (7), we simply measure intensity at the receiver as a function of the distance between the transmitter and receiver. To test Eq. (8), we measure intensity at a probe placed between the transmitter and receiver. Initially, we moved the probe while maintaining a fixed distance between the transmitter and receiver. But in addition, we kept the probe at a fixed distance from the transmitter while varying the distance between the transmitter and receiver.
The output of the receiver is nonzero even when the transmitter is off. This is true regardless of whether a probe is wired to the receiver. The nonzero offset becomes negligible when an emitted beam travels directly into the receiver. However, when measuring intensity with a probe, the offset becomes significant. We account for this offset by including an additive constant in the fits to data obtained with a probe. Moreover, the offset drifts with time. When the receiver is turned on, the offset is initially high; it then decreases roughly 30% within about half an hour. Thereafter, the offset is more stable, within about 5-10%. To avoid the initial drift in the offset, we turned the receiver on about an hour before recording data.
The transmitter, receiver, and probe are mounted on component holders positioned on the arms of a goniometer (whose angle is held at 180
). Distances are measured by use of a ruler attached to the goniometer arms. The effective locations of the transmitter and receiver are indicated by the manufacturer's marks on the base of the component holders. Uncertainty in our distance measurements is 0.1 cm. Figure 3 shows the intensity at the receiver as a function of the distance between the transmitter and receiver. The measured data were fit with Eq. (7), the exact expression for infinite reflections. There are three fitting parameters, the wave number k, reflection coefficient r, and a multiplicative constant. We find k ¼ 2.2225 6 0.0005 cm
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, from which k ¼ 2.8239 6 0.0006 cm. The wavelength specified in the PASCO manual is slightly higher, 2.85 cm. We suppose that the 0.9% difference is within the manufacturing tolerance for the instructional transmitter.
We may compare our model with the simpler approach of calculating the average distance between antinodes. The average distance obtained by a least-squares fit to the measured positions of antinodes is 1.44 6 0.02 cm. Under the naive assumption that the distance between antinodes is k/2, we find k ¼ 2.88 6 0.04 cm. Note that the precision is much lower than that of our model. More significantly, the naive assumption of plane-wave interference predicts a perfect sinusoid, which is clearly not observed in Fig. 3 . The simplistic model simply does not fit the data at all.
In addition to the wavelength, the reflection coefficient r can be determined from our data. The fit shown in Fig. 3 indicates a reflection coefficient r ¼ 0.398 6 0.013. Thus, if we wished to use the second-order approximately given by Eq. (8), the error would be r 3 % 6%. In the remaining experiments, we made measurements with a probe and found the noisy, nonzero offset to be very significant. Therefore, we wanted to use the strongest transmitter possible, so we used a different transmitter than we had used for the previous experiment. Although we had observed that the transmitters had different intensities, we had not expected the wavelengths to also be different. In fact, as shown below, the wavelength emitted by the second transmitter was 2.863 6 0.002 cm. This wavelength is 0.5% above specification, whereas the first transmitter's wavelength was 0.9% below specification (providing some support for our supposition that the manufacturing tolerance is responsible for the differences).
In Fig. 4 , we see the standing wave itself-the intensity between a fixed transmitter and receiver. The standard deviation of each intensity measurement is so high that error bars are impractical, so we represent the standard deviation with dashed lines instead. We fit the data using the second-order approximation given by Eq. (8), because the exact expression is obtained only when x ¼ L. (We tried adding the thirdorder terms, but the fit did not improve.) Although the fit is not terribly impressive, the periodicity is clear and we obtain a wavelength of 2.860 6 0.003 cm. The reflection coefficient, however, is poorly resolved as 0.47 6 0.18.
In Fig. 5 , we show the intensity at fixed probe positions as the receiver position varies. The fits are disappointing, but the wavelength is still determined, with the upper curve yielding k ¼ 2.864 6 0.010 cm, and the lower curve k ¼ 2.869 6 0.004 cm. Within error, these two values agree with each other and are very close to the wavelength obtained from Fig. 4 . The weighted average of the three results is 2.863 6 0.002 cm.
Perhaps more interesting is the observation that the two curves in Fig. 5 are approximately 180 out of phase. This is not a coincidence and in fact is predicted by Eq. argument changes by p when (x À L) changes by k/4 % 0.7 cm. To demonstrate this fact, we chose two probe positions separated by 0.7 cm.
IV. CONCLUSIONS
Although the data is not superb, it supports a theoretical model of multiple reflections of spherical waves between a transmitter and receiver, allowing one to determine the microwave wavelength. Important experimental and theoretical skills are learned in this exploration of wave optics. Experimentally, students observe the importance of computer interfacing, due to fluctuations in an analog meter. Students therefore learn how to use a virtual instrument (VI) in LabVIEW. In fact, an early task in a student's LabVIEW training could be the creation of the simple VI required for this experiment. Subsequently, the data analysis gives students practice with curve fitting.
This experiment also highlights the importance of identifying undesired influences on measurements. Specifically, we recognize a nonzero offset that varies significantly when the receiver is first turned on. If time allows, students may be allowed to discover this undesired influence on their own.
Theoretical calculations allow students to solve a practical problem by applying their skills in infinite series. Just as important, they see how an approximation provides useful insights that are obscured by an exact solution. The approximation demonstrates, for example, that the peak intensities at the receiver are due to constructive interference between the emitted wave and the first wave reflected back off the transmitter.
